CONSTRUCTING KAHLER-RICCI SOLITONS FROM 
SASAKI-EINSTEIN MANIFOLDS 



AKITO FUTAKI AND MU-TAO WANG 



Abstract. We construct gradient Kahlor-Ricci solitons on Ricci-flat Kahler 
cone manifolds and on line bundles over toric Fano manifolds. Certain shrink- 
ing and expanding solitons are pasted together to form eternal solutions of the 
Ricci flow. The method we employ is the Calabi ansatz over Sasaki-Einstein 
manifolds, and the results generalize constructions of Cao and Feldman-Ilmanen- 
Knopf. 



1. Introduction 

Kahlcr-Ricci solitons are self-similar solutions of the Kahler-Ricci flow. They 
are classified as expanding, steady, and shrinking solitons for obvious reasons. The 
convention is that an expanding soliton lives on (0, oo) and a shrinking soliton lives 
on (— c», 0). The self-similarity reduces the Ricci flow equation to an elliptic system 
for a pair {g, X) consists of a Kahler metric g and a vector field X on a background 
manifold. In particular, any Kahler-Einstein metric is a steady soliton with X = 0. 
Kahler-Ricci solitons arise as parabolic blow-up limits of the Kahler-Ricci flow near 
a singularity. We refer to [5] and [8| and for surveys of results on Kahler-Ricci 
solitons and the role they play in the singularity study of the flow. 

In this article, we construct new Kahler-Ricci solitons from Sasaki-Einstein man- 
ifolds. Sasaki- Einstein manifolds are links of Ricci-flat Kahler cones and singularity 
models in Calabi- Yau manifolds. We first show that there is an expanding soliton 
flowing out of the Kahler cone over any Sasaki-Einstein manifold. The method we 
employ is an ansatz of Calabi in his construction of Kahler-Einstein metrics ([3], 
see also [T3] ) . This Ansatz is then applied to circle bundles over toric Fano varieties 
on which possibly irregular Sasaki-Einstein metric exist by [TU]. We obtain both 
expanding and shrinking solitons depending on the degree of the associated line 
bundle. Certain pair of shrinking and expanding solitons can be pasted together 
to form an eternal solution of the Kahler-Ricci flow which lives on (— cx),oo) with 
singularities along the zero section of the line bundle, but the shrinking solitons 
extend smoothly to the zero section when the Sasaki-Einstein structure is regular. 
These results generalize the constructions of [4] and [8]. While the examples in 
[4] and [8] are rotationally symmetric, our examples in general do not carry any 
continuous symmetry. 

Similar constructions for eternal solutions of Lagrangian mean curvature flows 
were discovered in [T3] and [15] . They were shown to satisfy the Brakke flow-a weak 
formation for the mean curvature flow. As a weak formulation of the Ricci flow has 
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not yet been established, we may ask to what extent our examples would qualify 
as generalized solutions of the Rieci flow (see also the discussion in §1.2 of [S]). It 
will be a good indieation if the flow satisfies Perelman's monotonicity formula |17| 
across the singularity. This will be pursued later. At this moment, we note that the 
Gaussian density of Perelman's functional of known Rieci solitons arc computed in 
[6] and 

The main theorems in this paper are stated as follows. 

Theorem 1.1. Let M be a Fano manifold of dimension m, and L ^ M be a 

positive line bundle with Km — L~p, p G For < k < p, let S be the U{1)- 
bundle associated with , which is a regular Sasaki manifold. Let Z be the zero 
section of L~^. Suppose that S admits a possibly irregular Sasaki-Einstein metric. 
Then there exist shrinking and expanding solitons on L^^ — Z , and they can be 
pasted together to form an eternal solution of the Kdhler-Ricci flow on [L^^ — 
Z) X (—00,00). If S admits a regular Sasaki- Einstein metric, i.e. if M admits a 
Kdhler-Einstein metric then the solution of the Kdhler-Ricci flow corresponding to 
the shrinking soliton for t G (— oo,0) extends smoothly to the zero section Z. 

Recall that a Sasaki manifold S is an odd dimensional Riemannian manifold 
with its cone C{S) a Kahler manifold. In the following theorem the apex of C{S) 
is not included in C{S). 

Theorem 1.2. Let S be a compact Sasaki manfiold such that the transverse Kahler 
metric g^ satisfies Einstein equation 

Ric^ = ng^ 

for some re < where Ric"^ denotes the transverse Rieci curvature. Then there 
exists a complete expanding soliton on the Kahler cone C{S). 

Note that, when a Sasaki manifold S satisfies the assumption of Theorem II. 2[ S 
is necessarily quasi-regular so that S is an orbi-?7(l)-bundle over an Kahler-Einstein 
orbifold with negative scalar curvature. 

This paper is organized as follows. In section 2 we review Kahler-Ricci flows 
and Kahler-Ricci solitons. In section 3 we review Sasaki manifolds with transverse 
Kahler-Einstein structure. In section 4 we obtain an ordinary differential equation 
to get a gradient Kahler-Ricci soliton by Calabi's ansatz. In section 5 we extend 
Cao's work [4] to construct expanding solitons on Ricci-flat Kahler cones. After 
preparatory arguments in the case of line bundles over Fano manifolds in section 6, 
we extend in section 7 the results of [5] to construct shrinking and expanding solitons 
on line bundles over Fano manifolds such that the associated C/(l)-bundles admit 
Sasaki-Einstein metrics. This last condition is satisfied when the base manifolds are 
toric Fano manifolds ([lO]). The shrinking soliton in section 7 and the expanding 
soliton in section 5 are pasted together to give an eternal solution, and obtain 
Theorem 11.11 In section 8 we introduce gradient scalar solitons and set up an 
ordinary differential equation to obtain them by Calabi's ansatz. We get a necessary 
condition to have a complete gradient scalar soliton on the cone C{S) of a Sasaki 
manifold 5* with transverse Kahler-Einstein metric. We show that a special case 
when the transverse Kahler-Einstein metric has negative transverse Rieci curvature 
gives gradient expanding Rieci solitons in Theorem 11.21 
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2. Kahler-Ricci flows and Kahler-Ricci solitons 



Given a Kahler manifold, the Kahler metric g can be written as 

d_ _d_ 



9ij= 9{ — ,—) 



where ,2:™ are local holomorphic coordinates. The Kahler form w of g is 

written as 

w = igqdz^ A dz^ , 
and the Ricci form p{uj) of lo is expressed as 

p{uj) = -idd\ogdet{g^-). 

The coefficients 

%--^logdet(5,,) 

of p{lu) constitute the Ricci tensor RiCg of g. 

A Kahler-Ricci flow is a family ujt of Kahler forms with real parameter t satisfying 

(1) = -^Pi^t). 

We could remove the coefficient 1/2 in ([ij by taking homothety of the Kahler form, 
but we use the convention of ([1]) in order to adapt to the convention of the paper 
[9] so that we can refer to the computations there directly. 
A Kahler-Ricci soliton is a Kahler form w satisfying 

(2) - ^p{uj) = Xuj + Cxuj 

for some holomorphic vector ffied X where A = 1, or —1. Note that the imaginary 
part of X is necessarily a Killing vector field, i.e. an infinitesimal isomctry. When 

Cx^^ = iddu 

for some real function u, we say that the Kahler-Ricci soliton is a gradient Kahler- 
Ricci soliton. According as A = 1,0 or —1 the soliton is said to be expanding, 
steady and shrinking. 

Given a Kahler-Ricci soliton ^ with A = ±1, if wc put 

(3) uJt :~ Xtj^uj 

where 74 is the flow generated by the time dependent vector field 

(4) ^X, 

then UJt is a Kahler-Ricci flow. The Kahler form is of course a positive form, and 
therefore when A = 1, the Ricci flow exists for t > and wi = w, and when A = — 1, 
the Ricci flow exists for t < Q and uj-i = u. When A = if wc put 

(5) UJt := It^ 

where jt is the flow generated by the vector field X, then uJt is a Kahler-Ricci flow. 
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3. RiCCI-FLAT KAHLER CONES WITH APERTURE 



In this section we first review basic facts about Sasakian geometry. Good refer- 
ences are the book [2] and the papers [TU] and [H]- 

We wish to construct gradient Kahler-Ricci sohtons on Ricci-flat Kahlcr cones. 
Recall that a cone manifold C{S) is a Ricmannian manifold difTeomorphic to 
(0, oo) X S with a cone metric g is of the form 

g = dr^ + r^g 

where g\s& Riemannian metric on S and r is a coordinate on (0, oo). A Riemannian 
manifold S is called a Sasaki manifold if C{S) is a Kahlcr cone manifold. 

Let the complex dimension of C{S) be to + 1. Then the real dimension of Sasaki 
manifold {S, g) is 2to + 1. (S*, g) is isometric to the submanifold {r = 1} = {1} x S* C 
{C{S),g), and they are usually identified. Let J be the complex structure on C{S) 
such that {C{S), J, g) is Kahler. Then we have the vector field ^ and the 1-form fj 
on C{S) defined by 

d 1 _ ~ 

^ = Jr— , 77= ^.g(C,-) = V-l(9-a)logr. 
or 

It is easily seen that the restrictions ^ ~ and rj = to {r = 1} ~ S* give a 
vector field and a one form on S. The one form rj on is a contact form and the 
vector field ^ is the Recb vector field of the contact form rj, that is ^ is the unique 
vector field which satisfies 

There are two Kahler structures involved in the study of Sasaki manifolds. One 
is the Kahler structure on C{S). The Kahler form uj of (C(S'), J, g) is given by 

The second one is the transverse Kahler structure of the flow, called the Reeb flow, 
generated by the Reeb vector field ^. This is a collection of Kahler structures on 
the local orbit spaces of the Reeb flow. The vector field ^ is a Killing vector field 
on {C{S),g) with the length g{£,,iy^^ — r. The complexification ^ — y/—lJ£^ of 
the vector field is holomorphic on (C(S'), J). Since the local orbit spaces of the 
Reeb flow on S and the local orbit spaces of the holomorphic flow generated by ^ — 
•\/— IJ^ on C (S) along S can be identified then they define a transverse holomorphic 
structure of the Reeb flow, i.e. holomorphic structures on the local orbit spaces of 
the Reeb flow. But since 77 is a contact form and non-degenerate on the contact 
distribution, i.e. the kernel of r], we obtain the transverse Kahler structure by 
identifying the tangent spaces of local orbit spaces with the contact distribution. 
Thus the transverse Kahler structure is a collection of Kahler structures on local 
orbit spaces of the Reeb flow. The Kahler forms on local orbit spaces are lifted to 
S to form a global 2-form 

u! := —an, 
2 

called the transverse Kahler form. The transverse Kahler form can be lifted also to 
C{S) and can be expressed as 

..^ 1 i . 



The Ricci curvature Ric"^ of the transverse Kahler metric is related to the Ricci 
curvature Ric^ of {S, g) by 

(6) RiCg = Ric^ - 2.g^ + 2to 77 (g) 77. 

We wish to use Calabi's ansatz when the transverse Kahler structure is Kahler- 
Einstein. This last condition is equivalent to say that the orbit spaces have Kahler- 
Einstein metrics. 

There is a related notion in classical Sasakian geometry, called 7y-Einstcin mani- 
folds. A Sasaki manifold S is called an ?7-Einstein manifold if for some constants a 
and P 

KiCg = ag + I5ri®ri. 

Since Ric(^,^) ~ 2m by we have a + f3 ~ 2m. and ([6|) also shows that the 
transverse Kahler metric is Einstein with 

p{oj'^) = (a + 2)lj^. 

Conversely a Sasaki manifold with a transverse Kahler-Einstein metric has an rj- 
Einstein metric. Therefore Ric^ is positive definite if and only if a + 2 > 0, that 
is a > —2. Obviously {S,g) is Sasaki-Einstein, i.e. 77-Einstein with /3 = if and 
only if Ric = 2mg, and also if and only if Ric"'" ~ (2m + 2)g^ . The Gauss equation 
also tells us that {S,g) is a Sasaki-Einstein manifold if and only if {C{S),g) is a 
Ricci-flat Kahler manifold. 

The typical example is when (S, g) is the (2m -I- l)-dimensional standard sphere 
in which case C{S) = _ {0} with the flat metric and the orbit space of the 

Reeb flow is CP™ with a multiple of the Fubini-Study metric such that the Einstein 
constant is (2to -|- 2). 

Given a Sasaki manifold with the Kahler cone metric 'g = dr^ +r^g, we transform 
the Sasakian structure by deforming r into r' = r° for positive constant a. This 
transformation is called the D-homothetic transformation. Then the new Sasaki 
structure has 

(7) ,/ = dlogr- = a^, e^U, 

a 

(8) g' = ag'^ + aij ® a-q ~ ag + (a^ — a)ri ® rj. 

Suppose that g is ry-Einstein with RiCg ^ ag -\- firj ® rj. Since the Ricci curvature 
of a Kahler manifold is invariant under homotheties the transverse Ricci form is 
invariant under the D-homothetic transformations : Ric'"^ = Ric"^. From this and 
RiCg/(^',^') 2m we have 

(9) RiCg' = Ric'^ - 2g'^ 2m?/ ® r;' 

= Ric^ - 2a5^ + 2m77' ® rf 

= Vac\Dy,D ^ 2g^ - 2ag^ ^ 2mrl ® rl 

= ag"^ + 2g'^ - 2ag'^ + 2mr]' (E) r]' . 

This shows that g' is ry-Einstein with 

(10) «'^^±1^. 

a 

Thus we have proved the following well-known fact. 
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Lemma 3.1. Under the D-homothetic transformation of an rj-Einstein metric we 
have a new rj-Einstein metric with 

(11) = uj'^ = acj'^, p'^ = (a' + 2V^- " + 



CO 



a 



and thus, for any positive constants k and k' , a transverse Kdhler-Einstein metric 
with Einstein constant k can be transformed by a D-homothetic transformation to 
a transverse Kdhler-Einstein metric with Einstein constant k' . The same is true 
for negative k and k! , and for k = k' = 0. 

Given a Sasaki-Einstein metric, a positive constant multiple of the Kahlcr cone 
metric of its D-homothetic transformation may be called a Ricci-fiat Kdhler cone 
metric with aperture^ whose Kahler form u) is of the form 

(12) w = Ci991ogr29 

for some positive constants C and q where 'g = dr^ -\- r^g is the Ricci-flat Kahler 
cone metric of the given Sasaki-Einstein metric. 

4. SoLiTONS ON Ricci-flat Kahler cones 

In this section we apply Calabi's ansatz to transversely Kahler-Einstcin Sasaki 
manifolds to obtain gradient Kahler Ricci solitons. Suppose that we have a trans- 
versely Kahler-Einstein Sasaki manifold so that we have an 7y-Einstein metric with 

RiCg = ag -\- (5 rj ® rj. 

This is a transverse Kahler-Einstein metric with transverse Kahler form lo'^ = ^drj 
satisfying 

T T 
p ~ K LO 

with K = a + 2. As was explained in the previous section, on C{S) we have 



rj = 2d'^ log r, w"^ = dd'^ log 



r. 



The Calabi's ansatz seeks for a special metric of the form 

uj = uj'^ + iddF{s). 

where we put 

s ~ log r 

and where 

F e C°°((S1, S2)), (si, S2) C (-00, oo). 

Here we search metrics of this form for Kahler-Ricci solitons. We further put 

a^l + F'{s), 

and define </9(o') by 

(13) ^ia)=F"is). 
Since 

iddF{s) ^ iF"{s)ds Ads + iF'{s)dds 

we have 

w — aoj^ -t- ip{a)ds A ds. 

Put 

lim cr(s) lim (1 + F'{s)) ^ a, lim cr(s) = lim (1 + F' {s)) = b. 



Because of the positivity of u wc must have 

(14) (T > and ip{a) > 

on the region a < a < b. By <j'{s) > 0, the map a : (si,S2) {o-jb) is a 
diffeomorphism. 

Conversely, given a positive function ip on (a, b) with a > such that 

r ,. r dx 

hm / — — = si, lim / — — = S2 



we define cr(s) by 
and define F{s) by 



F(,s) = / 



"'■'^ x-l 



ip{x) 



dx. 



Note that 



ds 1 da , X / ^ 

dF a -Ida 

(7—1. 



c?s '^(c) ds 

If we put s = log r and consider a and _F as a smooth function on 
then 

(15) io^ := Lu^ + ddTis) 

= auF + tp(a)ids A 9s 

= cro;^ + (/j(cr)wcyl 
gives a Kahler form on C{S)(^si,S'j) with the Kahler metric 

9 = crg'^ + <p(o-)5cyi 

where Wcyz and gcyi denote the cylindrical Kahler form and Kahler metric on C— {o}. 
It is also possible to write 

(16) uj^ = tdd{s + F{s)). 

Let (z", z^, - ■ ■ , 2™) be local holomorphic coordinates on C{S) such that 
did did- 
d^^2^'Yr~''^'Yr'^=2^'d-r-'^^- 

Then we have 



dr 

h i»7 



and 

idz° Adz" = 2— A 77. 

r 

Using these coordinates one can show as in [Qj that 

w^J'+i = a"\m+l)ip{a)idsAdsA{Lj^r 
(17) = a"'{m + l)ip{a)^dz'^ Adz° Aiu'^y 



and that 

= - log (cr"V(cr)) 

(18) = Ka;^-iaaiog(cr™(^(cr)). 

Lemma 4.1. Let Q he a smooth Junction in s. Then grad' Q{s) is a holomorphic 
vector field if and only if 

grad Q{s) = nr— 
for some constant /i € R. Moreover this is equivalent to 

(19) Qs = MV(ct) 
and also to 

(20) Q = na + c 
where c is a constant. 

Proof. The former half follows because r-§- — iJr-S- is the only s-dependcnt holo- 
morphic vector field. For the latter half of the lemma, since 



ipia)gcyi = ip{a){ds^ + dd^) 

= ^ia)(^4 + d0A=^idr^+r^d0^) 



we have 

ds d r^ 1 d t ^ d 

gradg ^ —r^Qsjrjr = —F^Qs-^ ^ ~~r^^'^7r- 

(/9(cr) or or ^[cr) r or ^[o') or 

This and the former half of the lemma show 

r 

—r-rQs = IJ-r, 

which implies (fTO]) . This completes the proof of Lemma 14.11 □ 

Now let us derive the gradient Kahler-Ricci soliton equation in terms of Lp. By 
we have 

p^^ = idd{KS - log(a™^(a))). 

Comparing this with (|16p 

(21) p^^ + 2\uj^ = idd{Ks - log(cr"(p(cr)) + 2As + 2\F). 
Put 

Q ■= -Ks + log(cr"v'(a-)) - 2As - 2AF 

so that 

p^^ + 2\uj^ = -iddQ. 

In order for uj^p to be a gradient Kahler-Ricci soliton, gradQ must be the real 
part of a holomorphic vector field. So we may apply Lemma [4.11 to this Q. Then 
we see from that ip{<j) must satisfy 

(22) ip'{a) + (^-^ - p^ ip{a) - {K + 2Xa) =0. 
In general a solution to the ODE i/ + p{x)y = q{x) is 



(23) 



,.e-/-.-(/„.,e/-.-.. + c) 



It follows from that the solution to is given by 



(24) ,M.;^-±ii-r_5tij; 



-ji-' a-" 



In the next section wc construct Kiihler-Ricci solitons on C{S). We thus assume 
(si,S2) = (—00.00). Wc also assume a := lims—^-oo > 0. It follows from this 
assumption that 

(25) ip{a) = 0. 

It also follows from and ([^5)) that, in either cases of A = —1,0 or A = 1, f is 
determined by 

=: "Hi')- 

5. Expanding solitons on Ricci-flat Kahler cones 

In this section wc extend Cao's construction ^ of expanding soliton on C" 
to the general Ricci-flat Kahler cones, i.e. the Kahler cones over Sasaki-Einstein 
manifolds. In this case we require 

a = 0. 

Geometric reasoning of this requirement is given in sections 4.1 and 4.2 in [8], and 
we do not reproduce it here. Then near cr = we have 



(27) ^(cT) = ^_^y 



(28) 



a" 



where v^iji) is the one given as ([25)1 with a = 0: 

. (- + l)!(2A+(;;f^) 

'^o (a^) = 3^7+2 ■ 

A* 

But we must have 

(29) V = i^o^/.), 

for a 1/ < Vq{^) then ^p{a) < near cr = contradicting psp . and if > v^in) 
then (t(s) becomes for finite s > —00. 
With this i>, Lp is written as 



00 



m+1 ^ (7 + m)!' 

i=2 ^"^ ^ 

so we have a solution a : (—00, ri] — > R of da/ds = ip{a). 

Put A = 1 and /i = — 1/9 with arbitrary fixed q > 0. We know that (p(0) = 
and </?'(0) > 0. If 6 is any positive solution of (p{b) = then by 

ip'{b) ^K + 2b>0. 
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This imphcs that there is no positive zero 6, and we have > for all a > 0. For 
large a we see from (P7)) that 

as p, (J 

where G is smooth at zero. Since /i < then a extends for all s G M and has the 
form 

(t(s) = e E{e ) = r E{r f ) 

where E is smooth at zero and E{0) > 0. This soliton is asymptotic to a Ricci-flat 
Kahler cone metric with aperture as can be seen as follows. The vector field 27''^ 
generates a one parameter group {7^} of transformations such that 

7j r = 1 2 r. 

Then 



7t*s = log 7**'' = ^ logi + s. 



The flow {t'^*uj} satisfies 



tj^LJ ~ t{t-^r) E{{t'2r)i)idds 



/ 2 2 o 4 _ 
+t r'^r~~E{trt) -E'Urf ) ] ids A ds 

(30) E{0) ( r^^idds — —r^iids A ds 

V M 

as t — 0. Since we put q = —ji then ([30| is equal to 

(31) £:(0) {r'^Hddlogr + 2qr^Hd\ogr A idlogr) = E{0)idd 

This is a Kahler cone metric of an 77-Einstein Sasaki manifold. 
Thus we have proved the following: 

Theorem 5.1. Let S be a compact Sasaki- Einstein manifold and C'{S) its Kahler 
cone. Then there is a gradient expanding soliton which is asymptotic to a Ricci-flat 
cone metric with aperture. 



2^y 



6. Line bundles over toric Fano manifolds 

Let M be a Fano manifold of dimension m, and L — )■ A/ be a positive line bundle 
with Km = L~P, p G Z+. Take k G Z+. Let 5* be the ?7(l)-bundle associated with 
L~'', which is a regular Sasaki manifold with the Kahler cone C{S) biholomorphic 
to L^'' minus the zero section. It is proven in [T0| that when M is toric then 
S admits a possibly irregular toric Sasaki-Einstein metric. Keeping this result in 
mind we assume that 5* is a possibly irregular Sasaki-Einstein manifold whose cone 
C{S) is nevertheless biholomorphic to the cone of the regular Sasaki structure, i.e. 
the total space of L~'^ minus zero section. 

Let K = Then by a Z3-homothctic transformation we may assume we have a 
transverse Kahler-Einstein metric, i.e. 77-Einstein Sasaki metric, such that 



where uj^ and are respectively the transverse Kahler form and its transverse 
Ricci form. Then we have 

(32) 2{uj^\^ci{L^). 

In this set-up we apply the computations in section 4, and we have a gradient 
Kahler- Ricci soliton u)^ with Lp given by Let 

lim fT(s) = a, lim (t(s) = 6, 

and suppose that a > 0. 

Lemma 6.1. //cr is a zero 0/1^9 then 

(33) (^'(cr) K-|-2Acr. 

T/ius i/ A = —1 i/ien i/iere are at most two positive zeros, one a with < a < f 
and one b with ^ <b. If X ~ 1 then there is at most one positive zero < a < 1. 

Proof. This follows immediately from (p2|) . □ 

Theorem 6.2. Suppose that the Sasaki-Einstein structure is regular. Then the 
Kdhler-Ricci soliton given by the solution of \2^^ with a > extends to the zero 
section smoothly if and only if 

a = A(l-|) = A(l-|). 

In particular we have < k < p if X ~ —1 and that p < k if X = 1. 

Proof. Suppose that Lu^p extends to the zero section as a Kahler form. Since uj^ 
satisfies the Kahler-Ricci soliton equation we have 

-[2XlJp]\m = [Pa.JU/ = ci(A/) +ci(L-'^). 
On the other hand, from 



and ((32)) we have 

If A = ±1 then we have 



pAwipJI^/ = -Xakci{L). 



a-A(l-|) = A(l-|) 



Since a > this shows that 0<A;<pifA=— 1 and that p < fc if A = 1. 
Conversely, suppose that we have a = A(l — -1). By ([55)) if A = — 1 wc have 

f'{a) = K — 2a = K — (k — 2) = 2. 

If A = 1 then 

if' {a) ^ K + 2a = K + {2 - k) = 2. 
Then the extension to the zero section follows from the Proposition 16.41 below. □ 



Here we take up the problem of completeness of the metrics obtained by Calabi's 
ansatz starting from a compact ?7-Einstein metric. We do not necessarily assume 
that the ?7-Einstein structure has transversely positive Ricci curvature. 

Proposition 6.3. Let be the Kahler form obtained by Calabi's ansatz starting 
from a compact Sasaki manifold with an rj-Einstein metric g. Then ujip defines a 
complete metric with noncompact ends towards the end points of I = (a, b) if and 
only if the following conditions are satisfied at the end points: 

11 



• At a — a, if vanishes at least to the second order. 

' If b is finite then as ip vanishes at a = h at least to the second order. 

• If b = oo then ip grows at most quadratically as cr —> oo . 

Before starting the proof we change the variable by 

T = (7 — a 

because this makes the arguments more transparent. We regard as a function of 
r, and then what we need to show is that, for example, aX t = Q, ip vanishes at least 
to the second order, and if 6 = oo then if grows at most quadratically as r — > oo. 



Proof. First define the function £(s) by 

^^'^ dx 



(34) l{s 
Then 



To 



X) 



d£ 1 dr 



^'^^^ ds y/plr) ds ^ 

Thus £{s) gives the geodesic length along the s-direction with respect to the Kahler 



form uj^p of (jT5|) : recall s = logr. 



Next consider at r = 0. By elementary calculus £{s) — > oo as r — )■ if and only 
if ip vanishes at at least to the second order. By the same reason, if b is finite 
then ip must vanish at r = — a at least to the second order. Similarly if 6 = oo, 
£(s) — >■ oo as T — > oo if and only if ip grows at most quadratically. □ 



Proposition 6.4. Let uj^ be the Kdhler form obtained by Calabi's ansatz starting 
from a regular compact rj-Einstein Sasaki manifold. Suppose that the profile ip is 
defined on (a,oo) and that ti — — oo. Then uj^p defines a complete metric, has a 
noncompact end towards a ~ oo and extends to a smooth metric on the total space 
of the line bundle up to the zero section if and only if ip grows at most quadratically 
as a ^ oo and ip{a) = and ip' {a) = 2. 

Proof. As before we use the change of variable 

r = CT — a 

and regard as a function of r. As in the proof of the previous proposition ip 
must grow at most quadratically as r — >■ oo. Now let us consider at r = 0. From 
the assumptions of the proposition the Sasaki manifold S is the total space of the 
C/(l)-bundle associated with an Hermitian line bundle (L, h) whose curvature form 
Lli^ is Kahler-Einstein on the base manifold of L. Let z be the fiber coordinate and 
put = This is the Kahler form of the cone C{S), which is isomorphic to L 

minus the zero section. Recall that the Kahler form uj^p given by (US)) is of the form 

ijjp = {t + a)ijj^ + ip{T)ds A ds. 

Let TT : L*^ — >■ M be the projection and i : M ^ L'' the inclusion to the zero section. 
Since W"^ is the restriction to L*^ — i{M) of Tr*ujKE where ojke is the Kahler form 
of a Kahler-Einstein metric on the base manifold M, ij^ naturally extends to the 
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zero section i{M). Therefore we have only to eonsider oj,^ in the direction of the 
holomorphic flow generated by ^{S, — iJ£,). Thus we look at 

(36) ip{T) idt A d^t = ^^^idlogr^ Ad^logr^ 

= ^4^(hidzAdJ+Oi\z\)). 

Hence we need only to find the condition for limT^o 'pi''') 1^'^ to exist and be positive. 
Suppose that 

(37) (/.(r) =air + 0(r2). 

Since s = logr, t + a = 1 + F' {s) and (^(t) = F"{s) we have 

dr 

(38) ^^(^r)^a,T + 0{T'). 

ds 

Thus 

(39) lim41= linr ^ = ^ linr ^l. 

as 

Therefore if liniT-^o exists and is positive then ai = 2, i.e. ^'{0) = 2. Con- 
versely if (p'{0) = 2 then we have 

(40) ^ =ipiT) =2t + 0{t^) =2Ta{T) 

where q:{t) is a function of r real analytic near t = with a(0) = 1 since </? is a 
real analytic function by ([M]). We then have 

(41) — - = 2dt 

Ta{T) 

and from this 

(42) logr + /3(t) = c + 2i 

where /3(t) is a real analytic function of t with /3(0) = 0. From this we have 

(43) r = e-'3Me=+2* = r2e^-^("). 
Thus we obtain 

^AAX V V'W 2t + 0(t2) ^ 

(44) lim ^-i-^ = hm — ^ = e . 

r— >0 r r— J-0 r 



This completes the proof of Proposition 16.41 □ 

7. Expanding and shrinking solitons on line bundles over Fano 

manifolds 

In the set-up of the section [6] we first consider expanding solitons on L"*^ with 
k > p. Recall that A = 1 and a ~ 1 — p/k in this case by Theorem 16.21 By the 
same argument as in the proof of Lemma 5.1 of [5] we can prove that an expanding 
soliton on L"'^ must have /i < 0. By ([M)) the dominant term of is — — because 
the exponential term is tame. We may write = Lpi^a) in the form 

2a ^ „ / 1 
CTs = VG\ — 
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where G is smooth at zero. Considering the behavior of l/cr for large s we find that 

2s 2s 

(7{s) = e 1^ B{e ) 
where B is a smooth function with B{0) > 0. Using s = logr we get 

(45) u = e"l^B(e^)u'^ + ( --e^l^Bielf) - ^B'(el^)] LJcyi 

_ 2_ 2_ — I '2 _2. 2. 4 , ^ \ — 

(46) = r 1^ B(r t^)idds + [ r i^Blri^) :rB (r i^) ] ids A ds. 

V M M / 

The vector field j^r-^ generates a one parameter group {74} of transformations 
such that 

* -f* 
7j r = I ^ r. 

Then 

■y*s ^ log7t*r = ^ logt + s. 

The flow {^7*0;} satisfies 

tj^uj = t{t'ir)~i B{{t'ir)i)idds 



2 ' 2 4 ■ — 

+t ( --t^^r^fB{tr~) -B'{trt) ] ids Ad. 



s 



1^1 /i 

/ 2 _ 2 2 - 

(47) B(0)[r^~idds r^~idsAds 

\ M 

as t — > 0. If we put q ~ —j; then (|47)) is equal to 

(48) B{0) {r^'^idd log r + 2qr^'' id logr A id log i) = B{0)idd { 

This is a Ricci-fiat Kahler cone metric with aperture. 
Thus we have provecQ: 



/j.2q 



Theorem 7.1. Let M be a Fano manifold, and L ^ M be a positive line bundle 
with L^P = Km, P G Suppose that the U{l)-bundle of Km admits a possibly 
irregular Sasaki-Einstein metric whose cone C{S) is biholomorphic to the total space 
of Km minus the zero section. For k > p, L^'^ minus the zero section admits 
a gradient expanding soliton such that the corresponding Kahler- Ricci flow g{t) 
converges to a Ricci-flat Kahler cone metric with aperture, or equivalently a Kahler 
cone metric over a transversely Kahler- Einstein Sasaki manifold. Here the Kahler 
cone manifold is biholomorphic to L^^ minus the zero section and the transversely 
Kdhler-Einstein Sasaki manifold is diffeomorphic to the total space of U{l)-bundle 
associated with L^^ . If S admits a regular Sasaki- Einstein metric, i.e. if the 
underlying toric Fano manifold M admits a Kdhler-Einstein metric then the above 
soliton extends smoothly to the zero section. 

In the set-up of the previous section [6] we next consider shrinking solitons on 
with < fc < p. Recall that A = — 1 and that a = k/2 — 1 = p/fc — 1 in this 
case. By the same argument as in the proof of Lemma 6.1 of [5] we can prove that 
an shrinking soliton on L^'' must have ^ > and ly = 0. 



^ Professor X.H. Zhu kindly informed us that the regular case of Theorem l7.1l and l7.3l was also 
obtained by Y. Bo [l] 
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From (|24p . (p{a) — can be rc- written as 

The following lemma can be proved in the same way as Lemma 6.2 in [8]. 

Lemma 7.2. For each < a < ^, there exists a unique positive root fi of f(a, fi) = 
0. This root satisfies fi > 

Proof. We may write / in the alternate form 

(m + 1)! 



(50) f{a,ii) 




Since < ct < k, the coefRcients 

^ {2_a-^,)a^-\ (2a-^)a(™+i)-i_(2a-«)a^ 



j! ' ' (m + 1)! (m + 1)! 

change sign only once, so there is at most one positive root /i of /(it, /i) = 0. 
One sees from gH]) that f{a, Hi!2±l)) = cr > 0, while f{a,n) - (ct - k)/^ < as 
fj, — >■ oo. □ 

Since there is no exponential term one can see that a exists for — oo < s < oo. 
It is now obvious that a > 0, cr' > 0. This defines a shrinking soliton on L^'^. 

The vector field —2t''~'§p generates a one parameter group {74} of transformations 
such that 

Itr = i-ty'^r. 

Then 

ItS = log7t*'' = -| log(-t) + s. 

The flow {^7^*0;} satisfies 

_t7;w = -t{{-ty'ir)iD{{{-t)-'iryi)idds 

-t ( -((-ty'ir)T^ D((-tr^i) - ^D'(tr~h] ids Ads 

(51) D{'d)(^iidds + -riids Ads 

as t — > 0. If we put q~ — then (|5ip is equal to 



(52) D(0) (r^^i^aiogr + 2(jr29iaiogr Ai91ogr) = D(0)idd — , . 

' \2q J 

This is a Ricci-flat Kahler cone metric with aperture, or equivalently a Kahler cone 
metric of a transversely Kahler-Einstein Sasaki manifold with positve basic first 
Chern class. 

Thus we have proved : 

Theorem 7.3. Let M be a Fano manifold, and L — > M be a positive line bundle 
with L^P = Km, P G Z"^- Suppose that the U{l)-bundle of Km admits a possibly 
irregular Sasaki- Einstein metric whose cone C{S) is biholomorphic to the total space 
of Km minus the zero section. For < k < p, L^^ minus the zero section admits a 
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gradient shrinking soliton g(t) for — oo < i < such that g(t) converges as t ^ to 
a Ricci-flat Kahler cone metric with aperture, or equivalently a Kahler cone metric 
over a transversely Kahler- Einstein Sasaki manifold. Here the Kahler cone manifold 
is hiholomorphic to L^^ minus the zero section and the transversely Kahler- Einstein 
Sasaki manifold is diffeomorphic to the total space of U{l)-bundle associated with 
. If S admits a regular Sasaki-Einstein metric, i.e. if the underlying toric Fano 
manifold M admits a Kahler- Einstein metric then the soliton extends smoothly to 
the zero section. 

Proof of Theorem \l.l\ . By Thcorcm lS.ll wc have the expanding sohton on [L^^ — Z) 
and the corresponding Kahlcr-Ricci flow on [L^^ — Z) x (0, oo). By Theorem 17.31 
we also have the shrinking soliton on [L^^ — Z) and the corresponding Kahler- 
Ricci flow on (L^'^ — Z) x (— oo,0). By adjusting the solitons by homothety so 
that -E'(O) = D{0) we get a smooth soliton on {L^*' — Z) x (—00,00). If S admits 
a regular Sasaki-Einstein structure then the shrinking soliton extends smoothly to 
the zero section as stated in Theorem 17.31 This completes the proof of Theorem 
01 □ 



8. Complete solitons in the cone of compact ?7-Einstein Sasaki 

manifolds 

Let us define a gradient scalar soliton to be a Kahler metric g such that the 
scalar curvature S satisfy 

(53) 5-c + AQ = 

where c is a constant and Q is a smooth function whose gradient vector field of 
Q is the real part of a holomorphic vector field. The gradient scalar solitons are 
also called generalized quasi-Einstein metrics ([H], [IS]). We wish to find gradient 
scalar solitons using Calabi's ansatz on the cone of Sasaki manifold with transverse 
Kahler-Einstein structure (or equivalently 77-Eintstein Sasaki manifold), and with 
this purpose we go back to the beginning of section |4l Let uj^p be the Kahler metric 
on C{S) defined by Calabi's ansatz, expressed as In this section we require 

(a, 6) = (1,00). Thus we require 

CT - 1 = F'{S) > 

and 

(p{a) = F" > 0. 
Let u(a) be a smooth fimction of a. Then 

(54) dd^uia) = d{u'{a)^d''s) 

ds 

— u' {a)(p{a)dd'^ s + (u'tpYipds A d'^s 
~ u'{cr)(p{cr)dd'^s + —{u'lf Yda A d'^a. 
Taking wedge product of this with 

(55) uj'^' = cT™(w^)" + ma"'-^ Aip-^drA d'^a 
and comparing it with 

(56) = a"(m + l)ip-^ da A d'^a A (0;"^)". 
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wc obtain the Laplacian with respect to uj^ is expressed as 

Tfl 

(57) A^it — uV + ("V)'- 

From ([T5|) and ([T5)) the scalar curvature S^p of cj^ is given by 

(58) = — -A^log(a'Xa)) 

cr 

Km moj d _ d , d ^ _ , 
= — log(T"(y9- — ^— loga"v5 

Km 1 d"^ ^ 

From ([58|) and Lemma [4. II the gradient scalar soliton equation is written as 

Km I d^ 

A^(-/xcr) 
= -M( + V ) 

Namely the gradient scalar soliton equation is 

(59) (fT™¥')" - = m/ia™-! - ca". 
Integrating this we obtain 

(60) (a"(p)' - Mf^™^ = KCT™ + ci. 

m + 1 



Applying (^5]) the solution to 
is given by 



(61) y = e^^-KY^—^e-^^- 



y' - fj,y ^ Kx™ —rx + ci 

m + 1 



rn'"' J \ p 



j=0 
in 



-('^ + -) E + Vrn-""^ - - + ^^^^^ 



Substituting y — a"^ip and x = a into (j6ip we obtain the solution ip{a) as 

rn . _ „■ 

62 - - « + - E 7 + TT^ - + ^26^^" 

M ^(™-j)!/^-'+ AH"^ + 1) ^J■ 

In order for the solution to be complete near a = I we need only have 

^(1) = ¥^'(1) = 

by Proposition 16.31 Then it follows from ([50)) that 



Substituting into (pO]) wc get 

(64) (ct"V)' - /iCT™<P = fT"(K ^^t) - k + — 

The constant C2 is determined by (^(1) = using (j62p and (|63p . and is given by 

^ (m-j)!/iJ+i (m-j)!/xJ+2^ 

Theorem 8.1. Let S be a compact Sasaki manifold with transversely Kdhler- 
Einstein metric with Ric"'" = ku'^ , in other words S is a compact ij-Einstein Sasaki 
manifold. Consider C'alabi's ansatz \59fl for the gradient scalar soliton equation 
i53\) . Suppose K — ^^j^^ > 0, c < and fj, < 0. Then there exists a solution ip{a) 
giving a complete gradient scalar soliton in the cone C{S). 

Proof. With the constants ci and C2 given by (|63p and (p5)) we have Lp{l) = = 
0. We first show that for tr > 1 we have ip > Q. Since c < and ct > 1 we have 
from (iMl) 

((t"V)' - Aicr^VJ > (k —a)-K 



771 + 1 m+l 
(66) ^ -^(.-1)>0. 

This shows that ip{a) can not be nonpositive for a > 1. 

Thus the Kahler form ui^ of Calabi's ansatz ([T5|) exists for all cr > 1. We have 

(p{l) = ^'{i) = and (p{cr) is linear growth when a — > oo. Hence this metric is 

complete by Proposition 16.31 This completes the proof of Theorem 18.11 □ 

Proof of Theorem \1.2[ Comparing with we see that a gradient scalar soli- 
ton is a gradient Ricci soliton if and only if 

c 



ci = and 2A = — - 



m+l 
This equivalent to 

(67) c^ {m + l)K = -2\{m + l) 

The assumption of Theorem 18.11 is satisfied if k < and /i < 0. But k < is 
assumed in Theorem 11.21 and the choice of fi is arbitrary and we may take fi < 0. 
This completes the proof of Theorem 11.21 □ 
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